Abstract. This paper investigates the problem of stability analysis and fuzzy-smith compensation control for semi-active suspension systems with time delay. The dynamic system of the suspension system with time delay is first formulated in terms of control objectives, such as ride comfort, road handling, and suspension deflection. By using the Lyapunov stability analysis, the necessary and sufficient condition of the critical time delay for the semi-active suspension is derived, and the numerical computation method of solving the asymptotic stability area for this suspension system is presented. Then, our work focuses on designing a Fuzzy-Smith predictive controller to satisfy suspension performance requirements. The control law adopted here is based on the smith predictive control principle, which ensures the control accuracy and stability of a time-delay suspension system. In order to overcome the challenging issues of the model uncertainties of input time delay, a Fuzzy-Smith predictive controller with time delay is established for the semi-active suspension. Furthermore, simulation and test results for the semi-active suspension are provided to demonstrate the effectiveness and feasibility of the proposed method.
Introduction
Vehicle suspension plays a great role in evaluating vehicle dynamic performances, which is used to provide good ride quality, good handling, maintain road holding ability, and support the vehicle weight [23] . There are three types of vehicle suspension: passive, semi-active, and active suspensions. Passive suspension is both simple and reliable, but its performance is limited. Active suspension can dynamically adjust control parameters so as to satisfy various kinds of road unevenness; however, it has certain disadvantages, such as expensive hardware, complex control structure, and a high loss of power. In contrast, semi-active suspension has received a great deal of attention in recent years due to its better performance and low power requirements and especially for its ability to improve ride quality and maintain good handling and road holding simultaneously. Therefore, a semi-active suspension system is the effective way to improve the suspension system and has been widely investigated [6, 8, 15, 20] . Research has focused on determining how to achieve the optimal suspension performance: namely, ride comfort, road handling, and suspension deflection. Many semi-active suspension control methods have been proposed to manage the tradeoff between conflicting performances, which means a minimization of suspension deflection cannot be accomplished simultaneously with the maximization of ride comfort [9, 29, 30] . These control techniques includes fuzzy logic control [7, 14] , fuzzy self-adaptive PI-Smith control [22] , adaptive control [18] , H ∞ control [11, 31] , and sliding mode control [13] .
It should be pointed out, however, that time delay uncertainties produced by vibration structure, control law, and actuator input response frequently occurs in pneumatic and hydraulic suspension systems and magneto-rheological suspension [34] , which often deteriorates the control performance and even causes system instability under critical time delay. Moreover, the time delay can destabilize the system, which is a very critical aspect in different engineering problems, such as teleoperation systems [2, 4] .
Over the past few decades, many researchers have attempted to resolve the stability analysis and controller strategy problems for time delay systems, and a great number of theoretical research results have also been presented [2, 4, 5, 10, 32] for dealing with the timedelay in singular perturbation systems, which are based on delay-dependent Lyapunov function concerning less conservatism [12] . However, the suspension actuator with time delay has a great impact on the stability and dynamic characteristics of the next generation of active suspension control systems [17, 28, 34] . The skyhook on-off control semi-active suspension with switching damping coefficients is taken as the research object in this paper, and for this suspension, the time delay uncertainties may lead to an instability of the semi-active suspension and even cause such problems as wheel jumping and transportation and actuator lag, which is a serious constraint to the development of suspension control technology.
Recently, intensive research has been conducted on addressing the problem of the smith predictor [16, 25, 27] and time delay compensation control [19, 21, 24, 26] . The authors in [17] investigated the effect of the time delay on stability and investigated a method to compensate for the time delay effect in order to ensure galloping suppression. In [27] , the authors discussed the influence of the time delay on the stability of the inner current control loop and comparatively evaluated two prediction methods for time-delay compensation, i.e., a linear prediction and the Smith prediction. Moreover, the authors in [25] proposed a new method for controller tuning using an optimization method; the optimization method was based on dominating the gain of the minimum phase term in the open loop transfer function of the loop, such that the non-minimum phase effects of the model and process have become dominated by the minimum phase characteristic of the desired term. In [19] , the authors designed a human-simulation intelligent control (HSIC) strategy to compensate for the time delay of the MR suspension system in the time domain. In [24] and [26] , the authors adopted the Smith predictor to achieve time delay compensation and presented a stability analysis. In addition, the authors in [21] established a closed-loop stability of the resulting infinite-dimensional nonlinear system for a general non-negative-valued delay function of the state and local asymptotic stability for locally stabilizable systems in the absence of the delay. The authors in [1, 3, 33, 35 ] investigated a novel modified particle swarm optimization (MPSO) algorithm to identify nonlinear and showed that the proposed algorithm was successful in tracking time-varying parameters systems. They also presented a generalized hidden-mapping ridge regression (GHRR) method to train various types of classical intelligence models, including neural networks, fuzzy logical systems, and the kernel method. However, it is evident that there are nearly no results reported for the integration of the smith predictor with the fuzzy control method, especially for semi-active vehicle suspension systems with time delay. Therefore, there is a need to investigate the Fuzzy-Smith predictive control scheme for semi-active suspension systems with time delay.
The main contributions of this paper lie in three aspects. First, the necessary and sufficient condition of the critical time delay for the semi-active suspension is derived; meanwhile, the numerical computation method of solving asymptotic stability area for this suspension system is presented. Second, a novel fuzzysmith control strategy is designed, and this control approach integrated the advantages of the Smith predictor and fuzzy logic control, which can remove the impact of time delay as well as improve the dynamic stability. Third, the simulation and experimental set-up are performed to demonstrate the effectiveness and validity of the proposed control method. The rest of this paper is organized as follows. The problem formulation is presented in Section II. In Section III, we propose a stability analysis method for the skyhook on-off control semiactive suspension with time delay, and in Section IV, we provide the fuzzy-smith controller design scheme. Simulation and test results are provided to evaluate the proposed approach in Section V. Finally, the paper is concluded in Section VI.
Problem formulation
In the study of vehicle dynamics and control, a quarter-vehicle model has been widely used in previous research. A two-degree-of-freedom model of suspension system is established, as is shown in Fig. 1 , in which Moreover, z r denotes the road displacement input; m s is the sprung mass, which represents the vehicle chassis; m u is the unsprung mass, which represents the mass of the wheel assembly; c s and k s are the damping and stiffness of the suspension system, respectively; k t stands for the stiffness of the pneumatic tire; c 0 is the switching damping coefficients of the shock absorber for the skyhook control suspension under the On-state; z s (t) is the vehicle body velocity measured by the sensor;z s (t) is the vehicle body acceleration measured by the sensor;ż s (t − τ) is the actual vehicle body velocity; and finally, τ is the cumulative time delay.
Based on the model in Fig. 1 , the dynamic differential equation of the suspension model in which the actuator input delay is considered is established as follows:
where f t denotes the controllable damping force of the skyhook on-off control semi-active suspension, as shown in Equation (2) .
, and x 4 (t) =ż u (t) denote the deflection of the sprung mass, the sprung mass speed, the deflection of the unsprung mass, and the unsprung mass speed, respectively.
For the controller design problems of suspension systems, it is widely accepted that the evaluating vehicle suspension performances (such as the ride comfort represented by the vertical body acceleration a z , suspension deflection f d , and road holding, i.e., the tire dynamic load t l and the tire dynamic deflection t d ) are taken into account; hence, in order to reach a tradeoff point in evaluating vehicle dynamic characteristic performances, vehicle body acceleration, suspension deflection, tire dynamic load, and tire dynamic deflection are chosen as the control output vector
It indicates that the optimal control objectives are to minimize the value of the control output vector in order to secure vehicle ride comfort and handling stability. Based on the state space equation method of a single input multiple output, Equation (1) can be rewritten as:
where the state vector X(t) = [x 1 (t), x 2 (t), x 3 (t),
3. Theoretical analysis on the stability mechanism of semi-active suspension system
Numerical solution and analysis of critical time delay
Recall the linear constant coefficient differential equation resolving approach; the common solution of homogeneous Equation (4) can be formulated as:
where X r is the Laplace solution, and λ is eigenvalue. The characteristic equation of the homogeneous system of differential Equation (1) can be derived after substituting Equation (4) into Equation (1), as is shown in (5) . According to the non-zero real solution conditions of the differential Equation (1), we can obtain that Equation (5) is always equal to zero.
Based on the Lyapunov stability analysis [24, 27] , the necessary and sufficient condition of the time-delay system is that all the roots of the characteristic Equation (5) is negative real part or the conjugate complex root with negative real part. Therefore, the critical condition of suspension instability is that there is only a purely imaginary eigenvalue represented by λ in Equation (5) . Suppose λ = jω; then plug this into transcendental Equation (5), we can obtain the condtion of pure imaginary zeros for Equation (5), as is shown in Equation (6) .
For simplicity, Equation (6) can be rewritten as:
In order to solve the critical time delay of suspension instability, Equation (7) should satisfy the condition that no complex roots exist to the characteristic equation. The polynomial with self-exciting frequency is listed as follows:
where
The solution of Equation (9) can be obtained by using MATLAB, i.e., ω = +5.5227 Hz. Meanwhile, it will make it feasible that Equation (9) has no real roots when choosing some appropriate suspension parameters in a finite frequency domain. Thus, there is not a condition of suspension instability; that is to say, the suspension system is usually stable to arbitrary time delay.
Moreover, the critical value of the time delay, denoted by τ, can be obtained by substituting the accurate real root ω into Equation (8) . From Equation (8), we get:
Based on the suspension parameters given in Table 2 +26000], respectively, the critical time delay can be obtained as τ = 0.1422 s, τ = 0.2086 s, and τ = 0.4266 s, which represents the characteristic value of Equation (10) . We can simultaneously obtain conclusions that the sprung mass m 2 has a great impact on the time delay of a suspension system and that the critical time delay will increase with increasing m 2 . Furthermore, we can solve the critical time delay τ with different c s and c o based on Equations (9) and (10), and the relationship curve among c s , c o , and τ is shown in Fig. 2 .
There are four curves that denote the critical delay boundary curve of the instability for a suspension system within the non-full time delay stable region (0.1422s ∼0.4266s), respectively, and it can be concluded that:
-When the suspension parameters vary in a certain scope and the critical time delay is greater than 0.4266 s, the semi-active suspension system is asymptotically stable for all delays, which represents a turning point of the time delay that enters a stable region once again after a loss of dynamic stability. -According to (10) and Fig. 2 , when the suspension parameters are confirmed and c o is in a certain scope, the value of τ will decrease with increasing c o if c is fixed. Simultaneously, when c o is confirmed, the value of τ will increase with an increasing c s value. Specially, when the value of c o is small enough, the value of c s is big enough, and c s is greater than c o , the semi-active suspension is going to rapidly enter into the full stability region of all delays.
Moreover, in order to illustrate the full and nonfull time delay asymptotic stability region more clearly, which is composed of c s and c o denoted by the (c s , c o ) plane, we can solve Equation (10) and obtain the following figure shown in Fig. 3 . Figure 3 illustrates the relationship among the critical delay τ, the base value damping coefficient c s , and the On-state switch damping coefficient c o . When c o is determined, the critical time delay τ will increase with an increasing c value. In addition, if the value of c o is great enough, the suspension system enters into the fulltime-delay instability area, i.e., region III. In this region, the variation range of c o for a semi-active suspension system gradually becomes smaller, and the critical time delay τ nonlinearly increases and stably exists, which allows it to avoid the unstable phenomenon caused by the critical time delay. It can be observed from Fig. 4 that the values of c s and c o are in a contradictory relationship in the non-full-time-delay asymptotic stability area II. The critical time delay of instability shows a certain amount of nonlinear stochastic instability, which allows the actual value of the time delay to easily exceed the stability margin of the minimum threshold delay and usually causes an unexpected situation of instability and also results in periodic wheel jumping. Furthermore, the suspension system motion can become distorted due to the shift change of the damping coefficients under the On-state and Off-state. It also reveals an extreme sensitivity to the perturbation of the chaotic instability phenomenon, which will deteriorate vehicle handling stability, driving safety, and comfort. 
Frequency response analysis of semi-active suspension with time delay
In order to analyze the frequency response of a semi-active suspension with time delay uncertainties, a Fourier transformation is conducted on Equation (1), and then, transfer functions of the vehicle body acceleration a z and the tire dynamic load t l corresponding to the road excitation are to be obtained, as shown in Equation (11) .
From the assumption s = jω, we obtain the frequency-response function of a z and t l corresponding to the velocity excitationż r (t). The acceleration and dynamic load of the tire amplitude frequency characteristic performance are shown in Figs. 4 and 5, respectively. -It is evident that the amplitude value of the first and second order vibration mode for the semiactive suspension system will increase due to the increasing time delay, and moreover, the greater the time delay value τ is, the larger the amplitude value of vibration becomes. Furthermore, the time delay will cause a small augmentation of the resonance frequency of the first and the second order vibration mode. -The suspension acceleration and tire dynamic load will reach the critical delay instability state when the critical time delay is equal to 0.2086s, which leads to a deterioration of vehicle ride comfort and results in multi-peaks of oscillation wave in high frequency. Furthermore, the critical time delay usually causes periodic wheel jumping and seriously influences ride comfort.
Fuzzy Smith compensation control system design of semi-active suspension with time delay

Smith predictive control principle
The block diagram of the smith predictive compensation control system with time delay uncertainties is shown in Fig. 6(a) . In which, G(s) is the transfer function of the controller, G p (s)e −τs is the transfer function of the time-delay control system, τ is the delay time, G p (s) is the transfer function of the control system without time delay, and e −τs is the transfer function of the pure lagged part for the controlled plant.
Through a mathematical transformation, the proposed control scheme can be changed into Fig. 6(b) . The corresponding time compensation controller in parallel with G(s) is called the smith predictor, and the transfer function is G p (s)(1 − e −τs ). By using the integrated controller, the pure lagging is not included in the transfer function's denom of the closed-loop unit feedback system, which effectively realizes the control for the prediction model of control objectives with time delay. It should be noted that the closed-loop transfer function of the new controller T (s) is shown in Equation (12) .
Moreover, the total transfer function of the fuzzysmith controller is shown in Equation (13) after compensating for time delay, and the control block diagram that is similar to Equation (13) can be seen as Fig. 6(c) .
(13) In the equivalent block diagram shown in Fig. 6(c) , the pure lagging part e −τs is not included in the closeloop feedback system; that is to say, it will not appear in the characteristic equation of the control system, which can eliminate the effects of time delay uncertainties on the stability of a controlled suspension system. Furthermore, only the dynamic responses of the controlled system are postponed for a time τ and are consistent to the controlled objective with the transfer function G p (s) of the control system without time delay, which can achieve the required control goals. 
Fuzzy-Smith controller design
In this section, the Fuzzy-Smith controller design is presented for semi-active suspension systems with time delay based on the integration of the smith predictor control and fuzzy logic control. The structure of the Fuzzy-Smith controller is shown in Fig. 7 . The approach makes use of the Smith predictive control to compensate for the time delay and fuzzy control to overcome the challenging issues of model uncertainties. Thus, the fuzzy-smith controller can be tuned on-line by fuzzy logics to improve the control accuracy and stability of a time-delay suspension system.
In order to improve the accuracy and speed of a time-delay control and compensation for a semi-active system, the sprung mass acceleration error e =z 20 −z 2 and change in error ec =ė = de dt are selected as inputs to the fuzzy-Smith controller. E and EC are used to denote the fuzzy set of the two input variables e and ec, respectively. In addition, the control force f t is selected as the output to regulate the sprung mass acceleration, U is the fuzzy output sets after fuzzy reasoning, and u is the practical and accurate fuzzy output sets after computing and conversing.
The universes of discourse for the error E, the change in error EC, and the control output U are {-3, -2, -1, 0, +1, +2, +3}, the fuzzy subsets are {NB, NM, NS, ZO, PS, PM, PB}, where NB, NM, and NS are the abbreviations for negative big, negative medium, and negative small. Moreover, ZO is the abbreviation for zero; PS, PM, and PB are the abbreviations for positive small, positive medium, and positive big. The fuzzy reasoning algorithm based on the Mandani method is used in this paper, and the weight value is fixed; thus, the center of gravity method is adopted for the defuzzifier of the controller.
However, establishing the fuzzy control sets and all the membership functions are very difficult. Furthermore, it is also a difficult problem that the fuzzy control list is determined according to expert experience in control practices. For these problems, adopted ways are auto-adjusting the proportion factor, quantization factor, or changing the fuzzy relation matrix directly. The control rules with weighting factor α 1 and α 2 are introduced here, and when the error value is smaller, the control rules are tuned by α 1 . In contrast, when the error value is larger, the control rules are adjusted by α 2 . The analytic control rules in fuzzy control and a formula can be summed up as Equation (14):
where α 1 and α 2 ∈ (0 , 1). In this paper, we take α 1 = 0.4 and α 2 = 0.6, so there are 49 fuzzy control rules for output variable U listed in Table 1 , which are composed of variable conditions and conclusions and are usually in the form of the "if-then" model. 
Simulation results and discussion
Road excitation model
In order to analyze the dynamic characteristics of the semi-active suspension in the time domain, the road profile of random white noise is selected as the excitation sources waveform. This paper outlined the random white noise through the integral method, in which the mathematical formula of road roughness is expressed as Equation (15).
By using the Matlab/Simulink software, the random road profile is generated by the simulation model, see Fig. 8 .
The simulation of the Fuzzy-Smith controller
The Fuzzy-Smith controlled semi-active suspension is simulated using Matlab/Simulink software for performance, and the simulation can be divided into before Table 2 .
We use the fuzzy controller to adjust and control the damping force, and simultaneously, a smith predicator is added to the fuzzy controller in series, which is also used to analyze the impact of time delay uncertainties on vehicle dynamic performances. In particular, the sprung mass accelerationz s (t) is selected as one of the control objectives, and the corresponding transformation function of the Smith model for body acceleration control is Equation (16) . After theoretical calculation, the two order frequency of the simulation test system is 0.978 Hz and 12.695 Hz, respectively.
In which,
In this paper, we establish the simulation block diagram of the skyhook on-off control semi-active suspension with time delay based on the theoretical results in Section 4, as is shown in Fig. 9 .
The response output to vehicle body acceleration is shown in Fig. 10 . Similarly, the response output of suspension deflection and tire dynamic load are shown in Figs. 11 and 12 , respectively. The RMS values of sprung mass acceleration, suspension deflection, and tire dynamic load are listed in Table 3 .
After processing for the in-time signal data and compared to the semi-active without time-delay compensation, the Fuzzy-Smith predicable controller can enhance dynamic performances, such as vehicle body acceleration, suspension deflection, and tire dynamic load, and the improvements are 11.29%, 19.23%, and 16.22%, respectively, which effectively improved the ride comfort (the sprung mass acceleration decreased), the handing stability (the suspension deflection decreased), and the grounding safety (the tire dynamic load decreased). Furthermore, the dynamic stability characteristics of the semi-active suspension with time delay improved. It can be regarded that the proposed Fuzzy-Smith controller is able to satisfy the design and simulation requirements. 
Experimental set-up and results
In order to further validate the presented FuzzySmith predictive control system, a practical aspect of developing and testing the suspension rig based on the proposed control strategy is conducted in this section, which is based on the previous automotive damper test bench. A schematic representation of the experimental set-up is given in Fig. 13 . This experimental set-up includes such components as the INSTRON8801 electro-hydraulic servo-test bench, DonghuaDH5923 data acquisition card with a sample frequency of 100 Hz, several acceleration sensors, and the developed Fuzzy-Smith controller. Additionally, the Fuzzy-Smith time-delay compensator was already embedded in the suspension control system; meanwhile, appropriate signals from actuators, sensors, and other devices were processed through the analogue-to-digital (A/D) and digital-to-analogue converters (D/A) functions, which were also embedded in the card. From Figs. 14, 15, and test index values were less than those of the simulation. This was due to the simplifying of the actual suspension a little bit in the simulation process, which made the simulation model not reflect a practical vehicle suspension. In general, the vibration properties of the suspension were significantly improved by the proposed Fuzzy-Smith controller.
At the same time, the stability and robustness of the semi-active suspension was still guaranteed, which led to a significant improvement in the riding comfort of the suspension by using the proposed Fuzzy-Smith time-delay compensation controller.
Conclusions
In this paper, a dynamic model was established that considered the required performances as control objectives, such as ride comfort, suspension deflection, and road holding. Based on this model and the Lyapunov stability criteria, the numerical computation method of solving the asymptotic stability area for this suspension system has been presented. Moreover, the influence of base damping c s and the sky-hook On-state switching damping c o on the critical time delay τ and the stable area for the non-arbitrary and arbitrary time delay has been stimulated numerically, which provided a theoretical foundation for analyzing the instability mechanism and designing a time-delay compensation controller for this semi-active suspension. Most importantly, a novel fuzzy-smith control strategy has been proposed for eliminating the influence of time delay on the suspension system. The effectiveness and validity of the proposed controller has been verified by carrying out simulation and test rig studies. It is evident that the designed Fuzzy-Smith controller has the capability to decrease vibration responses and compensate for dynamic performance loss, which is suitable for the stability control of a semi-active suspension system. In the future, we will study the fault tolerant control mechanism of an active/semi-active suspension system in order to overcome the limitations of the method and model.
